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$K’(u)[S]$ $K$ $u$ $S$ Fr\’echet




$[S, K]\equiv S’[K]-K’[S]=0$ (2.5)
$R’[K]+[R, K’]=0$ (2.6)

















recusion operator 1 1
1 2 recursion
operator $\text{ ^{}1}$ Fokas
santini $KP$ recursion operator
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7) $KP$ $x,t,$ $y_{1},$ $y_{2}$
reduction
conserved covariant recursion operator
3+1
recursion operator $\phi_{12}$ $\phi_{12}$ $\triangle_{12}$
conserved covariant conserved covariant
Fokas santini









$\partial/\partial x$ $u_{n}$ $x$
$t=t_{1},t_{2},t_{3},$ $\cdots$ $x$ $t_{1}$
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$L(x,\partial)\psi(x,\lambda)=\lambda\psi(x, \lambda)$ , (3.3)
$\frac{\partial}{\partial t_{n}}\psi(x,\lambda)=B_{n}(x,\partial)\psi(x,\lambda)$, $n=1,2,$ $\cdots$ . (3.4)
(3.3) (3.4) Lax
$\frac{\partial L}{\partial t_{n}}=[B_{n},L]=B_{n}L-LB_{n}$ , (3.5)
zakhrov-shabat
$\frac{\partial B_{m}}{\partial t_{n}}-\frac{\partial B_{n}}{\partial t_{m}}=[B_{n},B_{m}]$ . (3.6)
(3.6) $n=2,$ $m=3$ $KP$





































$w_{i}^{*}= \frac{1}{\tau}p_{i}(\tilde{\partial})\tau$ , $(3.19b)$
$\tau(x)$ $\ell$ $t_{l},t_{2l},t_{31},$ $\cdots$
$\psi$












$\frac{\partial\psi}{\partial x}=(L+\sigma_{1}^{(1)}L^{-1}+\sigma_{2}^{(1)}L^{-2}+\sigma_{3}^{(1)}L^{-3}+\cdots)\psi$ , $(4.2a)$
$= \lambda\psi+\frac{\sigma_{1}^{(1)}}{\lambda}\psi+\frac{\sigma_{2}^{(1)}}{\lambda^{2}}\psi+\frac{\sigma_{3}^{(1)}}{\lambda^{3}}\psi+\cdots$ , $(4.2b)$











$\sigma_{2}$ $=-u_{3}$ , $(4.5b)$
$\sigma_{3}^{(1)}=-u_{4}-u_{2}^{2}$ , $(4.5c)$
(1)
$\sigma_{4}$ $=-u_{5}-3u_{3}u_{2}+u_{2}u_{2,x}$ , $(4.5d)$
$\sigma_{5}^{(1)}=-u_{6}-4u_{4}u_{2}-2u_{3}^{2}-2u_{2}^{3}+u_{3,x}u_{2}-u_{2,xx}u_{2,x}$ $(4.5e)$




$B_{2} \psi=\frac{\partial\psi}{\partial t_{2}}=(L^{2}+\sigma_{1}^{(2)}L^{-1}+\sigma_{2}^{(2)}L^{-2}+\sigma_{3}^{(2)}L^{-3}+\cdots)\psi,$ $(4.7a)$






















$\sigma^{(m)}=\frac{\partial}{\partial t_{m}}(log\tau(t_{1}-\frac{1}{\lambda},t_{2}-\frac{1}{2\lambda^{2}}, \cdots)-log\tau(t_{1},t_{2}, \cdots)+\sum_{n=1}^{\infty}t_{n}\lambda^{n})$
$-\lambda^{m}$ , (4.12)
$= \sum_{n=1}^{\infty}\frac{\partial}{\partial t_{m}}\frac{p_{n}(-\tilde{\partial})log\tau}{\lambda^{n}}$ (4.13)
$\sigma_{n}^{(m)}=\frac{\partial}{\partial t_{m}}p_{n}(-\tilde{\partial})log\tau$ (4.14)
\mbox{\boldmath $\sigma$}n(m)















$u_{3}= \frac{1}{2}\partial_{x}^{-1}\partial_{y}u_{2}-\frac{1}{2}\partial_{x}u_{2}$ , $(4.18a)$
$u_{4}=- \frac{1}{2}u_{2}^{2}+\partial_{x}(\frac{1}{4}\partial_{x}u_{2})+\partial_{y}(\frac{1}{4}\partial_{x}^{-2}\partial_{y}u_{2}-\frac{1}{2}u_{2})$ , $(4.18b)$
$u_{5}=-u_{2} \partial_{x}^{-1}\partial_{y}u_{2}+\partial_{x}(\frac{3}{4}u_{2}^{2}-\frac{1}{8}\partial_{x}^{2}u_{2}+\frac{1}{4}\partial_{y}u_{2})$
$+ \partial_{y}\{\frac{1}{8}\partial_{x}^{-3}\partial_{y}^{2}u_{2}-\frac{3}{8}\partial_{x}^{-1}\partial_{y}u_{2}+\frac{1}{4}\partial_{x}^{-1}(u_{2}^{2})\}$ , $(4.18c)$
$\sigma_{n}^{(1)}$ KP
(1)








$- \frac{1}{8}\partial_{x}^{3}u_{2}+\frac{1}{4}\partial_{x}(u_{2}^{2})$ , $(4.19d)$
reduction
KP hierarchy 2-reduction $KdV$
2-reduction $L^{2}=B_{2}$ $j>0$ $\partial^{-j}$
$0$
$u_{3}=- \frac{1}{2}u_{2,x}$ , $(4.20a)$
$u_{4}= \frac{1}{4}u_{2,xx}-\frac{1}{2}u_{2}^{2}$ , $(4.20b)$
$u_{5}=- \frac{1}{8}u_{2,xxx}+\frac{3}{2}u_{2}u_{2,x}$ , $(4.20c)$
$\sigma_{n}^{(1)}$
(1)
$\sigma_{1}$ $=-u_{2}$ , $(4.21a)$











$u_{4}=-u_{3,x}- \frac{1}{3}u_{2,xx}-u_{2}^{2}$ , $(4.22a)$
$u_{5}= \frac{2}{3}u_{3,xx}+\frac{1}{3}u_{2,xxx}+2u_{2}u_{2,x}-2u_{2}u_{3}$ , $(4.22b)$
$u_{6}=- \frac{1}{3}u_{3,xxx}+4u_{3,x}u_{2}-\frac{2}{9}u_{2,xxxx}-u_{2}u_{2,xx}$











$+(- \frac{1}{18}u_{2,xxx}+\frac{5}{6}u_{2}u_{2,x}+\frac{1}{2}u_{2}v+\frac{1}{6}v_{xx})_{x}$ , $(4.23e)$
$v=\partial_{x}^{-1}\partial_{y}u_{2}$ Boussinesq
P-reduction (4.15)
$\sigma_{n1}^{(1)}=\frac{1}{n\ell}\sum_{k=1}^{n1-1}\frac{\partial\sigma_{nl-k}^{(1)}}{\partial t_{k}}$ , $(4.24a)$
$= \frac{1}{nl}\frac{\partial}{\partial x}(\sum_{k=1}^{nI-1}\sigma_{n1-k}^{(k)})$ . $(4.24b)$
l-reduction KP hierarchy
$n=l,$ $2\ell,$ $3l,$ $\ldots$
BKP hierarchy BKP
KP
















$u_{4}=-u_{2}^{2}+ \frac{2}{3}u_{2,xx}$ , $(4.27a)$






$\sigma_{1}$ $=-u_{2}$ , $(4.28a)$
$(1)$
$\sigma_{2}$ $=u_{2,x}$ , $(4.28b)$
$\sigma_{3}^{(1)}=-\frac{2}{3}u_{2,xx}$ , $(4.28c)$
$\sigma_{4}^{(1)}=\frac{1}{3}u_{2,xxx}$ , $(4.28d)$












$\frac{\partial u}{\partial t_{3}}=\frac{1}{4}\frac{\partial^{3}u}{\partial t_{1}^{3}}+3u\frac{\partial u}{\partial t_{1}}+\frac{3}{4}\partial_{t_{1}^{-1}}(\frac{\partial^{2}u}{\partial t_{2}^{2}})$ . (5.1)
$\frac{\partial S}{\partial t_{3}}=\frac{1}{4}\frac{\partial^{3}S}{\partial t_{1}^{3}}+3\frac{\partial}{\partial t_{1}}(uS)+\frac{3}{4}\partial_{t_{1}^{-1}}(\frac{\partial^{2}S}{\partial t_{2}^{2}})$ . (5.2)
$\psi(x, \lambda)$ $\psi^{*}(x, \lambda)$ KP
$\frac{\partial\psi}{\partial t_{2}}=\frac{\partial^{2}\psi}{\partial t_{1}^{2}}+2u\psi$ , $(5.3a)$
$\frac{\partial\psi}{\partial t_{3}}=\frac{\partial^{3}\psi}{\partial t_{1}^{3}}+3u\frac{\partial\psi}{\partial t_{1}}+\frac{3}{2}\frac{\partial u}{\partial t_{1}}\psi+\frac{3}{2}(\partial_{t_{1}^{-1}}\frac{\partial u}{\partial t_{2}})\psi$ , $(5.3b)$
$\frac{\partial\psi^{*}}{\partial T_{2}}=-\frac{\partial^{2}\psi^{*}}{\partial t_{1}^{2}}-2u\psi^{*}$ , $(5.4a)$




$\frac{\partial s}{\partial t_{3}}=\frac{1}{4}\frac{\partial^{3}s}{\partial t_{1}^{3}}+3u\frac{\partial s}{\partial t_{1}}+\frac{3}{4}\partial_{t_{1}^{-1}}\frac{\partial^{2}s}{\partial t_{2}^{2}}$ . (5.5)
$\partial/\partial t_{1}(\psi\psi^{*})$ (5.2) KP
(3.8) (3.19a)
$\psi\psi^{*}=\sum_{n=0}^{\infty}(\sum_{m=0}^{n}w_{m}(x)w_{n-m}^{*}(x))\lambda^{-n}$ (5.6)
$S_{n}= \frac{\partial}{\partial t_{1}}(\sum_{m=0}^{n}w_{m}(x)w_{n-m}^{*}(x))$ (5.7)
$S_{n}$
$w_{m}$ $w_{m}^{*}$ $u$
$S_{0}= \frac{\partial}{\partial t_{1}}(1)$ , (5.8)
$S_{1}= \frac{\partial}{\partial t_{1}}(0)$ , $(5.8b)$
$s_{2}= \frac{\partial}{\partial t_{1}}(\cdot u)$ , $(5.8c)$
$s_{3}= \frac{\partial}{\partial t_{2}}(u)$ , $(5.8d)$
$s_{4}= \frac{1}{4}\frac{\partial^{3}u}{\partial t_{1}^{3}}+3u\frac{\partial u}{\partial T_{1}}+\frac{3}{4}\partial_{t_{1}^{-1}}(\frac{\partial^{2}u}{\partial t_{2}^{2}})$ . $(5.8e)$
$s_{n}= \sum_{m=0}^{n}w_{m}(x)w_{n-m}^{*}(x)$ . (5.9)
$\tau$ (3.11) (3.19b)




$\psi\psi^{*}=\tau(t_{1}-\frac{1}{\lambda}, t_{2}-\frac{1}{2\lambda^{2}},\cdots)_{2}\tau(.t_{1}\tau(t_{1}, t,\cdot\cdot)^{+_{2}\frac{1}{\lambda},t_{2}+\frac{1}{\ovalbox{\tt\small REJECT} 2\lambda^{2}},\cdots)}$ $(5.11a)$
$= \frac{1}{\tau(x)^{2}}exp$ $( \sum_{n=1}^{\infty}\frac{\partial_{y_{n}}}{n\lambda^{n}})\tau(x+y)\tau(x-y)|_{y=0}$ , $(5.11b)$
$= \frac{1}{\tau^{2}}\sum_{n=0}^{\infty}\frac{p_{n}(\tilde{D})\tau\cdot\tau}{\lambda^{n}}$ $(5.11c)$














$s_{n}= \frac{1}{2}\frac{D_{1}D_{n-1^{\mathcal{T}\cdot \mathcal{T}}}}{\tau^{2}}$ (5.18)
(5.17) (3.17a)
KP
$u= \frac{\partial^{2}}{\partial t_{1}}(log\tau)$ KP
$u_{t_{n}}= \frac{\partial}{\partial t_{1}}(s_{n+1})=S_{n+1}$ . (5.19)
(3.19)
$u_{t_{n}}= \frac{\partial}{\partial t_{n}}\frac{\partial^{2}}{\partial t_{1}^{2}}(log\tau)$ . (5.20)
Fr\’echet
$S_{n}’[S_{m}]= \frac{\partial}{\partial t_{n-1}}(S_{m})=\frac{\partial^{2}}{\partial t_{n-1}\partial t_{m-1}}(\frac{\partial^{2}}{\partial t_{1}^{2}}(log\tau))$ . $(5.21a)$













$R^{*}= \frac{1}{4}\partial_{t_{1}}+2u-\partial_{t_{1}^{-1}}u$ , $(_{-}6.3)$
squared-eigenfunction operator adjoint operator
$R= \frac{1}{4}\partial_{t^{2_{1}}}+2u+u_{2,t_{1}}\partial_{t_{1}^{-1}}$ , (6.4)
recursion operator $R$ $KdV$
$R^{*}$ conserved covariants conserved covariants
$\psi\psi^{*}=\sum_{n=0}^{\infty}s_{n}\lambda^{-n}$ , (6.5)
(6.2)
$R^{*}s_{n}=s_{n+2}$ for $n\geq 1$ . (6.6)
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$q_{i}(t_{1},t_{2}^{i})=q(t_{1},t_{2}^{i})$ , $\psi_{i}(t_{1},t_{2}^{i})=\psi(t_{i},t_{2}^{i})$ , $\psi_{i^{*}}(t_{1},t_{2}^{i})=\psi^{*}(t_{1},t_{2}^{i})$ .
2 $t_{2}^{1}$ , (6.10)
$\triangle_{12}$ $KdV$ squared-eigenfunction
operator 2 $\triangle_{12}^{*}$ $arrow t_{2}^{1}$
KP recursion operator
(6.8a) (6.8b)
$\alpha=-1$ , $q=-2u$ , $\kappa=0$ .







$t^{i}=$ ( $t_{1}$ , , $t_{3},$ $\cdots$ ),









( $q=-2u,$ $\alpha=-1$ ). (6.13)
$\frac{1}{4}\triangle_{12}s_{12}n=s_{12}n+2$ (6.18)
(6.6) 2 $t_{2}^{1}arrow t_{2}^{2}$
KP conserved covariant conserved covariant
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adjoint operator $\triangle_{12}^{*}$ (5.8)
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